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1 Method of Characteristics

The Method of Characteristics is a numerical technique used to solve partial differential equations. When
applied to two-dimensional supersonic flow, assuming that it is steady and inviscid, it allows us to solve the
governing compatibility equations numerically.
The Method of Characteristics uses characteristic lines in the flow to propagate the solution downstream. The
characteristic lines are the Mach waves in supersonic flow. There are an infinite number of characteristic lines in
the flow and so, starting from given flow conditions, characteristic lines can be chosen that can be used to solve
a certain problem. Specific functions are constant along characteristic lines, these are known as the Riemann
invariants. For each point there are two characteristic lines, C+ and C−. Each of these lines has a Riemann
invariant that must be constant for all points on that line. For C+ lines, the Riemann invariant R+ = ν − θ.
For C− lines, the Riemann invariant R− = ν + θ.
Initially, points are chosen and their characteristic lines calculated. The important values that need to be
calculated for the points are the Prandtl-Meyer function ν(M), flow angle θ, and Mach angle µ. These can be
obtained from known conditions and used to calculate the Riemann invariants for that point. The characteristic
lines from that point can then be traced downstream. This process is repeated for multiple initial points.
Where two characteristic lines cross a new point can be defined and its values for ν and θ calculated. These can
then be used to determine the Mach number (usually using an isentropic flow table), Mach angle, and hence
point coordinates.
When considering symmetric flows, such as that in a 2D symmetric nozzle, a centreline can be defined about
which the solution is also symmetric. This property can be used to reduce the number of points that need to
be calculated by half. For a point along the line of symmetry, the incoming C− is assumed to be the same as
an incoming C+ from the opposite side, and thus the R− and R+ values for the point would be equal.
Using these calculations, the solution can be marched downstream and the values obtained can be used to
determine properties of the flow as with other methods of flow simulation.
Of particular interest is the case where the Method of Characteristics can be used to determine the shortest
length that a supersonic nozzle can be to have perfectly expanded flow in specified conditions. In this case the
initial points are all at the wall of the throat and have different characteristic lines starting from small angles
and increasing up to θmax = ν(M)/2. The flow is solved as above. Once a characteristic line has been ’reflected’
by the line of symmetry it then passes through all of the characteristic lines C− from the subsequent initial
points and then impinges on the nozzle wall. The ’reflected’ characteristic line is used as C+ and the previous
point along the wall is used as C−. The coordinates calculated for these wall points can be used to determine
the nozzle contour and hence the minimum length of the nozzle.

2 Tables

Lookup Table (γ = 5/3)

M µ (deg.) ν (deg.)

2.00 30.00 21.79
2.01 29.84 22.00
2.02 29.67 22.21
2.03 29.51 22.42
2.04 29.35 22.63
2.05 29.20 22.84
2.06 29.04 23.05
2.07 28.89 23.25
2.08 28.74 23.46
2.09 28.59 23.67
2.10 28.44 23.87
2.11 28.29 24.07
2.12 28.14 24.28
2.13 28.00 24.48
2.14 27.86 24.68
2.15 27.72 24.88
2.16 27.58 25.08
2.17 27.44 25.28
2.18 27.30 25.47
2.19 27.17 25.67
2.20 27.04 25.87
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Method of Characteristics Table (γ = 5/3, Mdes = 2.4)
Linear interpolation between values in the lookup table has been used to improve the accuracy of results.

Point R+ R− θ ν M µ θ + µ θ − µ x y

a 0.000 0.800 0.400 0.398 1.047 72.839 73.239 -72.439 0.000 1.000
b 0.000 10.400 5.200 5.201 1.292 50.723 55.923 -45.523 0.000 1.000
c 0.000 20.001 10.000 9.999 1.491 42.132 52.133 -32.132 0.000 1.000
d 0.000 29.601 14.801 14.804 1.690 36.275 51.076 -21.475 0.000 1.000
1 0.800 0.800 0.000 0.803 1.076 68.326 68.326 -68.326 0.356 0.000
2 0.800 10.400 4.800 5.600 1.309 49.826 54.626 -45.025 0.581 0.413
3 0.800 20.001 9.600 10.398 1.507 41.567 51.168 -31.967 0.695 0.565
4 0.800 29.601 14.401 15.198 1.707 35.872 50.273 -21.471 0.796 0.687
5 0.800 29.601 14.401 15.198 1.707 35.872 50.273 -21.471 1.347 1.351
6 10.400 10.400 0.000 10.398 1.507 41.567 41.567 -41.567 1.020 0.000
7 10.400 20.001 4.800 15.198 1.707 35.872 40.672 -31.072 1.266 0.215
8 10.400 29.601 9.600 19.999 1.917 31.440 41.040 -21.839 1.492 0.411
9 10.400 29.601 9.600 19.999 1.917 31.440 41.040 -21.839 2.968 1.696
10 20.001 20.001 0.000 19.999 1.917 31.440 31.440 -31.440 1.620 0.000
11 20.001 29.601 4.800 24.800 2.146 27.776 32.576 -22.976 1.965 0.216
12 20.001 29.601 4.800 24.800 2.146 27.776 32.576 -22.976 4.604 1.902
13 29.601 29.601 0.000 29.603 2.400 24.618 24.618 -24.618 2.454 0.000
14 29.601 29.601 0.000 29.603 2.400 24.618 24.618 -24.618 6.806 1.995

3 Results

The code used in this coursework can be found at https://github.com/Xorgon/Aerothermodynamics-Coursework

The results above can be compared to quasi 1D theory. Quasi 1D theory shows that the area ratio between
the nozzle exit area and the nozzle throat area is a function of the exit Mach number and γ when assuming
the flow acts in one dimension only. For our values of γ = 5/3 and design Mach number Mdes = 2.4, quasi 1D
theory shows that the area ratio should be 1.998. Since we are using a 2D nozzle, the area ratio is equivalent to
the ratio of heights between the nozzle exit and the nozzle throat. In the Method of Characteristics table the
height of the nozzle exit is calculated to be 1.995, since the nozzle throat has a height of 1 this is equivalent to
the area ratio.
The calculated value, 1.995, is close to the theoretical quasi 1D value, 1.998, as shown in figure 1, which suggests
that the Method of Characteristics result is valid. However, there is a difference due to the assumptions that
are made for each method and flaws in the Method of Characteristics procedure.
Quasi 1D theory assumes that the velocity is primarily in the x direction, whereas the Method of Characteristics
allows for 2D flow directions.
For the Method of Characteristics, error is added by assuming that the flow is irrotational so that we can apply
isentropic relations to the assumed homentropic flow using Crocco’s theorem.
The Method of Characteristics is discontinuous whereas quasi 1D theory is an integral solution and so is contin-
uous. Due to the discontinuous nature of the Method of Characteristics, error is added through the iteration of
the solution as error between points is compounded and the assumption that the flow acts predictably between
points may be incorrect. This can be improved by increasing the number of initial points used so that the
distance between points is reduced.
The distribution of initial θ values also affects the solution as the resolution of different sections of the nozzle
will vary. Figure 3 shows plots of the nozzle contours with three different initial θ distributions. The first is a
linear distribution, this distribution gives a good solution resolution further down the nozzle but is lacking in
point density nearer to the throat of the nozzle. The second is a logarithmic distribution, this has a high point
density nearer to the throat but severely lacks point density towards the nozzle exit. The third distribution
is a combination of the linear and logarithmic distributions. One third of the points are from a logarithmic
distribution and two thirds of the points are from a linear distribution. This gives a more evenly distributed
point density across the whole nozzle. With all of the distributions there is still a gap where no points are
generated along the nozzle wall.
Figure 2 shows the final y point coordinates (and thus the equivalent area ratios) as the number of initial θ
values increases for each of the three distributions. This graph shows that the logarithmic distribution is the
least accurate overall. The linear distribution is most accurate for very low numbers of initial θs (n < 9). The
combination distribution is by far the most accurate for all values of n where n ≥ 9 as it gives very accurate
solutions from values of n as low as 15. Further improvement of the initial θ distribution could yield more
accurate results for even lower values of n.
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In addition to these, error is added by using the Lookup Table above rather than more precise solutions. Linear
interpolation between values has been used to generate the Method of Characteristics Table to improve accu-
racy. However, this still introduces additional error to the solution. Better interpolation techniques, a higher
resolution lookup table, or a high precision numerical solution to the equations that generate the lookup table
could all reduce this error, possibly at the cost of computation speed.

Figure 1: A graph showing the nozzle profile and equivalent A/A∗ value.

Figure 2: A graph showing the final wall point y coordinates against the number of initial points used for a
variety of initial θ distributions. These are compared to the A/A∗ value.
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Figure 3: Plots of nozzle contours for different distributions of initial θs. The green crosses show calculated
points.
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